Mixed Finite Element Method and numerical analysis of a
  convection-diffusion-reaction model in a porous medium by Comte, Éloïse
ar
X
iv
:2
00
6.
02
50
2v
1 
 [m
ath
.N
A]
  3
 Ju
n 2
02
0
Mixed Finite Element Method and numerical analysis of a
convection-diffusion-reaction model in a porous medium
E´lo¨ıse Comte1
1La Rochelle Universite´, MIA, 23 Avenue A. Einstein, BP 33060, 17031 La Rochelle
June 2019
Abstract
A hydrogeological model for the spread of pollution in an aquifer is considered. The model consists in
a convection-diffusion-reaction equation involving the dispersion tensor which depends nonlinearly of the
fluid velocity. We introduce an explicit flux in the model and use a mixed Finite Element Method for the
discretization. We provide existence, uniqueness and stability results for the discrete model. A convergence
result is obtained for the semi-discretized in time problem and for the fully discretization.
Keywords: Parabolic and elliptic PDEs - Finite Element Method - Numerical analysis
1 Description of the model
The model describes the transport of a pollutant in the groundwater. For the lake of simplicity, we consider
that there is only one pollutant of interest. The latter will be modeled by a reaction-convection-diffusion
equation. Besides the pollutant concentration, the velocity is also a variable of the model, expressed as a
function of the hydraulic head through the Darcy law.
Let Ω ⊂ RN , N 6 3, a bounded domain with a boundary ∂Ω ∈ C2. Time horizon is denoted by T , with
0 < T 6∞. Let ΩT = Ω× (0, T ).
Denoted by p the pollutant load, c its concentration, v the velocity of the mixture and φ the hydraulic
head, the model is the following PDE’s system:
Rψ∂tc− (κ∇φ) · ∇c− div(S(v)ψ∇c) = −r(c)− gc+ pχS in ΩT , (1.1)
div(v) = g, v = −κ∇φ in ΩT , (1.2)
where function χS is the indicatrice of a part S of Ω¯.
We assume that the eventual adsorption of the pollutant by the soil is linear and instantaneous reaction
(see the arguments in de Marsily [15], page 251). Coefficient R is the corresponding retardation factor.
The soil porosity is described by function ψ. The structure of the soil is also described in the fluid mobility
tensor, κ, rating the permeability of the underground with the viscosity of the fluid. The dispersion tensor
is denoted by S(v). Following Scheidegger [17], we consider the nonlinear dependency of the longitudinal
and transverse components of the dispersion on the velocity: tensor S(v) is such that
S(v) = SmId + Sp(v), Sp(v) = |v|
( αL
|v|2
v ⊗ v + αT (Id−
1
|v|2
v ⊗ v)
)
(1.3)
where Sm, αL and αT are respectively the diffusion coefficient, the longitudinal and transverse dispersion
factors. Here u ⊗ v denotes the tensor product, (u ⊗ v)ij = uivj , while u · v denotes the scalar product,
u · v =
N∑
i=1
uivi and |u|
2 = u · u. The identity matrix is denoted by Id.
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The result of the reaction of the pollutant, transformed it in other miscible species, is modeled by
r(c). Classical isotherms are described by linear functions, in the form r(c) = kc of by Freundlich function
r(c) = kck
′
, or by Langmuir function r(c) = kc/(1 + k
′
c), (k, k
′
) ∈ R2+.
The other source term g takes into account the contribution from the soil itself and other inputs.
The model (1.1)-(1.2) is completed by the following initial and boundary conditions:
χS(v)∇c · n+ (1− χ)c = 0 on ∂Ω× (0, T ), c|t=0 = c0 in Ω, (1.4)
with χ = 0 or 1 if we use Dirichlet or Neumann boundary conditions, and
χ˜κ∇φ · n+ (1− χ˜)φ = 0 on ∂Ω× (0, T ), (1.5)
with χ˜ = 0 or 1.
In order to avoid futur problems from the convective term in the numerical tests, we establish a more
physical formulation, by introducing the flux explicitly given by vc = −S(v)ψ∇c+vc. We use the formulation
div(vc) = c div(v) + v · ∇c and div(v) = g, to get:
Rψ∂tc+ div(vc) = −r(c) + pχS in ΩT , (1.6)
with
vc = −S(v)ψ∇c+ vc, (1.7)
completed by following initial and boundary conditions:
χS(v)∇c · n+ (1− χ)c = 0 on ∂Ω× (0, T ), c|t=0 = c0 in Ω. (1.8)
Let
p˜ =
{
p if x ∈ S ,
0 else.
By commodity, we will denote p˜ = p.
2 Assumptions and preliminary results
2.1 Assumptions
We consider the following assumptions:
• S(v) is supposed to be given by (1.3). According to the definition (1.3) of the dispersion tensor, we get
S(v)ξ · ξ > (Sm + αT |v|) |ξ|
2 , |S(v)ξ| 6 (Sm + αL |v|) |ξ| ∀ξ ∈ R
N . (2.1)
We assume that
Sm > 0, αL > αT > 0.
The case without dispersion, i.e. αL = αT = 0, is treated by Kumar et al [10]. We assume that there
exist reals κ− and κ+ with 0 < κ− 6 κ+ such that the permeability tensor satisfies:
κξ · ξ > κ− |ξ|
2 and |κξ| 6 κ+ |ξ| , ∀ξ ∈ R
N ;
• isotherm r is C1, concave, derivable with a bounded derivate on R+ and such that there exists r+ ∈ R
+
|r(x)| 6 r+ |x| ,∀x ∈ R ;
• the retardation factor R is strictly positive;
• the initial concentration is c0 ∈ H
1(Ω) with 0 6 c0 6 1 a.e. in Ω ;
• function g is L∞(ΩT ) ;
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• porosity ψ is L∞(Ω) and there exist reals ψ− and ψ+ such that
0 < ψ− 6 ψ(x) 6 ψ+, a.e. x ∈ Ω.
We completed the assumptions on the dispersion tensor S(v) given by (1.3): it is symmetrical and
S(v)−1ξ · ξ >
1
Sm + αT |v|
(
1−
(αL − αT ) |v|
Sm + αT |v|
)
|ξ|2 > M− |ξ|
2 , M− > 0 (2.2)
for all ξ ∈ RN , N = 2 or 3. Indeed, according to (1.3), S(v) follows
S(v) = (Sm + αT |v|)(Id+ E), with E =
(αL − αT ) |v|
Sm + αT |v|
ǫ(v),
the inverse (Id+ E)−1 = Id−E(Id+ E)−1 being well defined, matrix Id and E being positive-definite.
According to the symmetrical and the positivity of (Id+E), we can defined (Id+E)
1
2 and (Id+E)−
1
2 . We
get
(Id+ E)−1ξ · ξ = |ξ|2 − E(Id+ E)−
1
2 ξ · (Id+ E)−
1
2 ξ
where E is such that −Eη · η > −
(αL − αT ) |v|
Sm + αT |v|
|η|2 for all η ∈ RN . Applying this latter result to η =
(Id+ E)−
1
2 ξ, which is such that |η| 6 ξ, we get
(Id+ E)−1ξ · ξ >
(
1−
(αL − αT ) |v|
Sm + αT |v|
)
|η|2 .
Noticing (S(v))
1
2 the unique symmetrical positive-definite matrix such that
S(v)
1
2 S(v)
1
2 = S(v).
We deduce from (2.1) that there exists C > 0 such that∣∣∣S(v) 12 ξ∣∣∣ 6 C(1 + |v| 12 ) |ξ| , for all ξ ∈ RN . (2.3)
Furthermore, there exists a constant M+ > 0 such that∣∣S(v)−1v∣∣ 6 M+. (2.4)
Indeed, let ξ ∈ RN , ξ 6= 0RN . The operator S(v) being inversible, let µ = S(v)
−1ξ and µ 6= 0RN . We get
|S(v)µ · µ| = |ξ · µ| 6 |ξ| |µ|. Otherwise, by definition of S(v),
|S(v)µ · µ| = S(v)µ · µ = (Sm + αT |v|) |µ|
2 +
αL − αT
|v|
|v · µ|2
= (Sm + αT |v|) |µ|
2 +
αL − αT
|v|
|v · µ|2
|µ|2
|µ|2
6 |ξ| |µ| .
Simplifying by |µ|, and keeping in mind that |µ| =
∣∣S(v)−1ξ∣∣, we get:
∣∣S(v)−1ξ∣∣ 6 1
Sm + αT |v|+
αL−αT
|v|
|v·µ|2
|µ|2
|ξ| . (2.5)
We now estimated
|v · µ|2
|µ|2
in the case where ξ = v. In this case, µ ·v = S(v)−1v ·v. From (2.2), |µ · v| = µ ·v
and
|µ · v| > M− |v|
2 .
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Furthermore, from (2.5) we get
∣∣S(v)−1v∣∣ = |µ| 6 |v|
Sm
. Thus,
|µ · v|2
|µ|2
> M2−S
2
m |v|
2 .
Using this estimation in (2.5), we get
∣∣S(v)−1v∣∣ 6 |v|
Sm + αT |v|+ (αL − αT )M2−S
2
m |v|
and there exists M+ > 0 such that for all v ∈ R
N ,
|v|
Sm + αT |v|+ (αL − αT )M2−S
2
m |v|
6 M+.
We will use these estimations (2.3) et (2.4) in order to control some terms in the form of 〈S(v)−1vu, S(v)
1
2w〉
with u ∈ R, w ∈ RN . We get∣∣∣〈S(v)−1vu, S(v) 12w〉∣∣∣ 6 M+ |u| ∣∣∣S(v) 12w∣∣∣
6 M+C
(
1 + |v|
1
2
)
|u| |w|
thus ∣∣∣〈S(v)−1vu, S(v) 12w〉∣∣∣ 6 Cdisp(1 + |v| 12 ) |u| |w| . (2.6)
2.2 Preliminary results
Proposition 1. There exits a unique function φ ∈ L∞(0, T ;H1(Ω)) solving problem (1.2)-(1.5). Moreover,
for χ˜ = 0 (Dirichlet boundary conditions), we have:
1. If φ1 ∈ W
2,p(Ω¯) with p > N and κ ∈ (C1(Ω¯))N×N , then φ belongs to L∞(0, T ;W 2,p(Ω)). In particular,
v = −κ∇φ belongs to L∞(ΩT ).
2. If φ1 ∈ W
2,p(Ω¯) with p > N/2, then φ belongs to L∞(ΩT ). If moreover κ = κ
∗Id with κ∗ : Ω¯ → R,
κ∗ ∈ C1(Ω¯), then φ belongs to L∞(0, T ;W 1,q(Ω)) with q > N . In particular, v = −κ∇φ belongs to
L∞(ΩT ).
Proof. We refer the reader to the proof of Proposition 3.1 in Augeraud-Ve´ron et al. [3].
3 Mixed Finite Element Method
The variational formulation of the problem (1.1)-(1.2) with (1.4)-(1.5) is the following: finding (c, µ, φ), with
c ∈ L2(0, T ;H1(Ω)), φ ∈ L∞(0, T ;W 2,p(Ω)) with p > N or φ ∈ L∞(0, T ;W 1,q(Ω)) with q > N (and then
v ∈ L∞(Ω)), such that∫
Ω
Rψ∂tcϕ dx−
∫
Ω
(κ∇φ · ∇c)ϕdx+
∫
Ω
ψS(v)∇c · ∇ϕdx =∫
Ω
(
−r(c)− gc+ pχS
)
ϕdx,∫
Ω
κ∇φ · ∇ϕ˜ dx =
∫
Ω
gϕ˜ dx,
for all test functions ϕ and ϕ˜ such that
ϕ ∈ L2(0, T ;H1(Ω)) ∩H1(0, T ;L2(Ω)) with (1− χ)ϕ ∈ L2(0, T ;H10 (Ω)), (3.1)
ϕ˜ ∈ L2(0, T ;H1(Ω)) with (1− χ˜)ϕ˜ ∈ L2(0, T ;H10 (Ω)). (3.2)
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We denoted
W = {f ∈ H1(Ω), (1− χ)f ∈ H10 (Ω)}
W˜ = {f ∈ H1(Ω), (1− χ˜)f ∈ H10 (Ω)}.
The model will be discretized in time and in space. Lets start by the spacial discretization. We define Th a
regular decomposition of Ω ⊂ RN into N closed simplices where h stands for the mesh diameter.
We assume that Ω¯ = ∪O∈ThO. We define the following discrete subspaces (finit elements) Wh ⊂ W ,
W˜h ⊂ W˜ , by
Wh := {q ∈ W,q is constant on each mesh O ∈ Th} (3.3)
W˜h := {q ∈ W˜ , q is at most first degree polynomial on each element of O ∈ Th}. (3.4)
For the vectorial functions, we define:
Uh := {q ∈ H(div,Ω),∀i ∈ {1, ..., N}, the i-th componant of q is a polynomial of
degree 6 1 on each element of O ∈ Th}
and
Uh,0 := {q ∈ H(div,Ω) with q · n = 0 sur ∂Ω ∀i ∈ {1, ..., N}, the i-th composant of q
is a polynomial of degree 6 1 on each element of O ∈ Th}.
For the time discretization, we denoted by τ the time step. A semi-implicit Euler scheme will be use.
3.1 Discrete hydraulic head problem analysis
The problem is the following:
Find φh ∈ W˜h and vh ∈ Uh (or Uh,0 according to the boundary conditions) such that

∫ T
0
∫
Ω
vh · ψh dx dt+
∫ T
0
∫
Ω
κ∇φh · ψh dx dt = 0,∫ T
0
∫
Ω
vh · ∇ϕh dx dt+
∫ T
0
∫
Ω
gϕh dx dt = 0,
(3.5)
for all ψh ∈ Uh (or Uh,0) and ϕh ∈ Wh.
The analysis of this problem is classical both for Neumann or Dirichlet boundary conditions (see the first
schema of Achdou et al. [2] or Girault et al. [8]). The variational formulation (3.5) allowing to compute φh
does not need a space discretisation. The benefit is that this scheme can easily be used for highly contrasted
media (Achdou and Bernardi [1]). Moreover, we get the following optimal convergence result:
Proposition 2. (i) If the solution of the problem (1.2)-(1.5) is such that (v, φ) ∈ (Hs(Ω))N ×Hs+1(Ω), for
a s ∈ R such that 0 < s 6 1, then we get the following optimal uniform estimation:
‖v − vh‖(L2(Ω))N + ‖φ− φh‖H1(Ω) 6 Ch
s
(
‖v‖(Hs(Ω))N + ‖φ‖Hs+1(Ω)
)
.
(ii) In particular, if one of the following assumptions is satisfied,
• ∂Ω is C2, κ ∈ (C1(Ω))N×N ,
• ∂Ω is C2, κ = κ∗Id with κ∗ : ω¯ → R and κ ∈ C1(Ω),
we know (according to Proposition 1) that φ ∈ L∞(0, T ;W 2,p(Ω)) and v ∈ (L∞(ΩT ))
N . We thus get the
strong convergence of the scheme in L∞(0, T ;L2(Ω)) in the sense where
lim
h→0
‖v − vh‖(L2(ΩT ))N = 0.
Moreover, for all h,
‖vh‖(L∞(ΩT ))N 6 C.
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Proof. Point (i) is theorem 8 of Achdou et al. [2]. Under the assumptions of (ii), by choosing p = 2, point
(i) applies and gives lim
h→0
‖vh − v‖(L2(ΩT ))N = 0. The same convergence is then also true almost everywhere
in ΩT . Thus, ∀ǫ > 0, there exists H > 0 such that if h < H ,
|vh,i − v,i| < ǫ, 1 6 i 6 N , almost everywhere in ΩT
where we denoted u,i the i-th composant of a vector u ∈ R
N . We deduce that for h < H , we get
|vh,i| 6 |vh,i − v,i|+ |v,i| 6 ǫ+ ‖v,i‖L∞(ΩT ) .
Thus the uniform bound of vh in L
∞(ΩT ).
4 Discrete concentration problem
We recall the problem
Rψ∂tc+ div(vc) = −r(c) + pχS in ΩT , (4.1)
with
vc = −S(v)ψ∇c+ vc, (4.2)
completed by the initial and boundary conditions:
χS(v)∇c · n+ (1− χ)c = 0 on ∂Ω× (0, T ), c|t=0 = c0 in Ω. (4.3)
Remark 1. During the computing of the concentration, the quantity of spread fertilizer is known for all x
and for all t, p is not a unknown of the problem, that is why it is not discretized.
A natural (and classical) scheme would be
〈Rψ(cnh − c
n−1
h ), w〉+ τ 〈div(vc
n
h), w〉+ τ 〈r(c
n−1
h ), w〉 − τ 〈p,w〉 = 0,
〈S(vh)
−1ψ−1vc
n
h , u〉 − 〈c
n
h,div(u)〉 − 〈S(vh)
−1ψ−1vhc
n
h , u〉 = 0.
However, we will adopted the following mixed formulation:
〈Rψ(cnh − c
n−1
h ), w〉+ τ 〈div(S(vh)
1
2 vc
n
h), w〉+ τ 〈r(c
n−1
h ), w〉 − τ 〈p,w〉 = 0,
〈S(vh)
− 1
2ψ−1vc
n
h, u〉 − 〈c
n
h ,div(u)〉 − 〈S(vh)
−1ψ−1vhc
n
h , u〉 = 0,
for all w ∈ Wh defined by (3.3) and for all u ∈ Uh in the case where χ = 0, or for all u ∈ Uh,0 else. Indeed,
this formulation ensures the stability for L2 velocity (see below).
We have denoted by S(v)
1
2 the unique symmetric matrix square of the symmetric defined positive matrix
S(vh) and we have set S(v)
− 1
2 =
(
S(vh)
1
2
)−1
. Thus, we are in a comfortable framework where matrix S(v),
S(v)−1 and S(v)−
1
2 are commuting.
Thus, the variational problem is the following:
Let n ∈ {1, ..., N} and (cn−1h , vh) given in (Wh, Uh) and p given in L
2(Ω). The problem is to find cnh ∈ Wh
such that:
〈Rψ(cnh − c
n−1
h ), wh〉 + τ 〈div(S(vh)
1
2 vc
n
h), wh〉 + τ 〈r(c
n−1
h ), wh〉 − τ 〈p,wh〉 = 0 (4.4)
〈S(vh)
− 1
2ψ−1vc
n
h , uh〉 − 〈c
n
h ,div(uh)〉 − 〈S(vh)
−1ψ−1vhc
n
h , uh〉 = 0 (4.5)
for all (wh, uh) ∈ (Wh, Uh) such that χuh ∈ Uh,0. The initialization c
0
h is given in Wh.
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Theorem 1. We suppose that all the assumptions in section 2.1 are satisfied. Then:
(i) If τ is enough small and if vh is bounded in L
2(Ω) independently of h, problem (4.4)-(4.5) admits a unique
solution.
(ii) If moreover one of the two following assumptions is satisfied,
1. the mesh is assumed quasi-uniform when the diffusion tensor S(.) depends of the velocity, and there
exists ǫ > 0 such that the following Courant-Friedrich-Lewy condition is satisfied
τ 1−ǫ
hN
:= CCFL = O(1) ; (4.6)
2. the velocity vh is bounded in L
∞(ΩT ) independament of h ;
then we get the following estimation:
‖cnh‖
2
L2(ΩT )
+ τ ‖vc
n
h‖
2
L2(ΩT )
6 C. (4.7)
Remark 2. Noticing that the discret velocity vh is given by the scheme described in subsection 3.1, the result
(ii) is satisfied under assumptions of (ii) in Proposition 2 (because assumption (b) is then satisfied). The
appeal is that the scheme is well-defined (perhaps stable: see below) even when the velocity is not controlled
L∞(ΩT ).
Proof. Existence of cnh
Let
{w1, ..., wN1} ∪ {u1, ..., uN2} an orthonormality of Wh × Uh. (4.8)
Let αˆ = (αˆ1, ..., αˆN1) ∈ R
N1 , α = (α1, ..., αN1) ∈ R
N1 and βˆ = (βˆ1, ..., βˆN2) ∈ R
N2 , β = (β1, ..., βN2) ∈ R
N2 .
We denoted ξˆ = (αˆ, βˆ) ∈ RN1+N2 and ξ = (α, β) ∈ RN1+N2 . We consider the inner product and the norm
on RN1+N2 defined by:
((ξˆ, ξ)) := (αˆ, α)N1 + τ (βˆ, β)N2 =
N1∑
i=1
αˆiαi + τ
N2∑
i=1
βˆiβi, (4.9)
and
|||ξ||| = ((ξ, ξ))
1
2 , (4.10)
where (., .)p is the euclidean inner product in R
p. Moreover, for all ξ = (α, β) ∈ RN1+N2 , there exists a
unique (w¯, u¯) ∈ Wh × Uh defined by
w¯ =
N1∑
k=1
αkwk , u¯ =
N2∑
k=1
βkuk. (4.11)
Moreover we have
‖w¯‖2L2(Ω) + τ ‖u¯‖
2
L2(Ω) =
N1∑
k=1
α2k ‖wk‖
2
L2(Ω) + τ
N2∑
k=1
β2k ‖uk‖
2
L2(Ω)
=
N1∑
k=1
α2k + τ
N2∑
k=1
β2k car ‖wk‖
2
L2(Ω) = ‖uk‖
2
L2(Ω)
= 1 according to (4.8) (4.12)
= (α, α)N1 + τ (β, β)N2 = ((ξ, ξ)) = |||ξ|||
2 . (4.13)
For a given ξ and for (w¯, u¯) defined by (4.11), we use equations (4.4) and (4.5) in order to define componants
of ξˆ = (αˆ, βˆ) ∈ RN1+N2 as follows:
αˆk = 〈Rψ(w¯ − c
n−1
h ), wk〉+ τ 〈div(S(vh)
1
2 u¯), wk〉+ τ 〈r(c
n−1
h ), wk〉 − τ 〈p,wk〉 = 0 (4.14)
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for all k = 1, ..., N1 and
βˆk = 〈S(vh)
− 1
2ψ−1u¯, uk〉 − 〈w¯,div(uk)〉 − 〈S(vh)
−1ψ−1vhw¯, uk〉 = 0 (4.15)
for all k = 1, ..., N2.
Finally, we define the application P : RN1+N2 → RN1+N2 by
P(ξ) = ξˆ
which is continuous by construction.
The problem is then to solve
P(ξ) = 0.
We build ((P(ξ), ξ)) = ((ξˆ, ξ)) as defined in (4.9). We compute the following euclidian inner product in RN1 :
(αˆ, α)N1 = 〈Rψ(w¯ − c
n−1
h ), w¯〉 + τ 〈div(S(vh)
1
2 u¯), w¯〉 + τ 〈r(cn−1h ), w¯〉 − τ 〈p, w¯〉, (4.16)
and then the euclidian inner product in RN2 :
τ (βˆ, β)N2 = τ 〈S(vh)
− 1
2ψ−1u¯, S(vh)
1
2 u¯〉 − τ 〈w¯, div(S(vh)
1
2 u¯)〉
− τ 〈S(vh)
−1ψ−1vhw¯, S(vh)
1
2 u¯〉. (4.17)
By adding (4.16) and (4.17), we get:
((P(ξ), ξ)) = 〈Rψw¯, w¯〉 − 〈Rψcn−1h , w¯〉+ τ 〈r(c
n−1
h ), w¯〉 − τ 〈p, w¯〉
+ τ 〈S(vh)
− 1
2ψ−1u¯, S(vh)
1
2 u¯〉 − τ 〈S(vh)
−1ψ−1vhw¯, S(vh)
1
2 u¯〉. (4.18)
Now, we will prove that (P(ξ), ξ) > 0. To reach this, we will estimate terms of (4.18), in particular through
Cauchy-Schwarz and Young inequalities. We get:
I1 = 〈Rψw¯, w¯〉 > Rψ− ‖w¯‖
2
L2(Ω) ,
|I2| =
∣∣〈Rψcn−1h , w¯〉∣∣ 6 Rψ−8 ‖w¯‖2L2(Ω) + 2Rψ
2
+
ψ−
∥∥cn−1h ∥∥2L2(Ω) ,
|I3| =
∣∣τ 〈r(cn−1h ), w¯〉∣∣ 6 Rψ−8 ‖w¯‖2L2(Ω) + 2τ
2r+
Rψ−
∥∥cn−1h ∥∥2L2(Ω) ,
|I4| = |τ 〈p
n
h, w¯〉| 6
Rψ−
8
‖w¯‖2L2(Ω) +
2τ 2
Rψ−
‖p‖2L2(Ω) ,
I5 = τ 〈S(vh)
− 1
2ψ−1u¯, S(vnh )
1
2 u¯〉 > τψ−1+ ‖u¯‖
2
L2(Ω) ,
|I6| =
∣∣∣τ 〈S(vh)−1ψ−1vhw¯, S(vh) 12 u¯〉∣∣∣ .
Using equation (2.6), we get
|I6| 6 τψ
−1Cdisp
(
1 + ‖vh‖
1
2
L∞(Ω)
)
‖w¯‖L2(Ω) ‖u¯‖L2(Ω) .
With Cauchy-Schwarz and Young inequalities, we get
|I6| 6
Rψ−
8
‖w¯‖2L2(Ω) +
2τ 2C2disp
(
1 + ‖vh‖
1
2
L∞(Ω)
)2
Rψ3−
‖u¯‖2L2(Ω) .
Thus:
((P(ξ), ξ)) >
Rψ−
2
‖w¯‖2L2(Ω) + τ
(
ψ−1+ − C
′
)
‖u¯‖2L2(Ω) −K
8
where C′ =
2τC2disp
(
1 + ‖vh‖
1
2
L∞(Ω)
)2
Rψ3−
and
K =
2
ψ−
(
(Rψ2+ +
τ 2r+
R
)
∥∥cn−1h ∥∥2L2(Ω) + τ 2R ‖p‖2L2(Ω)
)
.
By taking a time step small enough such that ψ−1+ −C
′ > 0 and by denoted m = min{
Rψ−
2
, ψ−1+ −C
′}, we
get
((P (ξ), ξ)) > m|||ξ|||2 −K.
We are now able to prove that for all ξ ∈ RN1+N2 satisfying |||ξ|||2 = 2K/m, we get ((P (ξ), ξ)) > K > 0.
According to Lemme 1.4 page 164 of Temam [19], there exists a ξ ∈ RN1+N2 such that P (ξ) = 0. We deduce
the existence of cnh solution of the problem.
Uniqueness of cnh
The discretized space step h being unchanged, we will omit it thereafter. We assume that there exist two
solutions (cn1 , v
n
c,1),(c
n
2 , v
n
c,2) ∈ W
2
h × U
2
h to (4.4) from the same solution (c
n−1
h , vc
n−1
h ). They thus satisfied
〈Rψ(cn1 − c
n−1
h ), wh〉+ τ 〈div(S(vh)
1
2 vnc,1), wh〉+ τ 〈r(c
n−1
h ), wh〉 − τ 〈p,wh〉 = 0 (4.19)
〈S(vh)
− 1
2ψ−1vnc,1, uh〉 − 〈c
n
1 ,div(uh)〉 − 〈S(vh)
−1ψ−1vhc
n
1 , uh〉 = 0 (4.20)
and
〈Rψ(cn2 − c
n−1
h ), wh〉+ τ 〈div(S(vh)
1
2 vnc,2), wh〉+ τ 〈r(c
n−1
h ), wh〉 − τ 〈p,wh〉 = 0 (4.21)
〈S(vh)
− 1
2ψ−1vnc,2, uh〉 − 〈c
n
2 ,div(uh)〉 − 〈S(vh)
−1ψ−1vhc
n
2 , uh〉 = 0. (4.22)
We substract (4.19) and (4.21), and (4.20) and (4.22). Let C = cn1 − c
n
2 and Vc = v
n
c,1 − v
n
c,2. We get
〈RψC,wh〉+ τ 〈div(S(vh)
1
2 Vc), wh〉 = 0 (4.23)
〈S(vh)
− 1
2ψ−1Vc, uh〉 − 〈C,div(uh)〉 − 〈S(vh)
−1ψ−1vhC, uh〉 = 0. (4.24)
In order to remove the second terms in each equations, we choose the test functions wh = C and uh =
τS(vh)
1
2 Vc and we add (4.23) and (4.24). We get:
〈RψC,C〉 + τ 〈S(vh)
− 1
2ψ−1Vc, S(vh)
1
2 Vc〉 − τ 〈S(vh)
−1ψ−1vhC,S(vh)
1
2 Vc〉 = 0. (4.25)
We now estimate the three terms of the equations as follows:
I1 = 〈RψC,C〉 > Rψ− ‖C‖
2
L2(Ω) ,
I2 = τ 〈S(vh)
− 1
2ψ−1Vc, S(vh)
1
2 Vc〉 > τψ
−1
+ ‖Vc‖
2
L2(Ω) .
According to (2.6),
|I3| =
∣∣∣τ 〈S(vh)−1ψ−1vhC,S(vh) 12 Vc〉∣∣∣ 6 τψ−1− Cdisp(1 + ‖vh‖ 12L∞(Ω)) ‖C‖L2(Ω) ‖Vc‖L2(Ω)
thus
|I3| =
∣∣∣τ 〈S(vh)−1ψ−1vhC,S(vh) 12 Vc〉∣∣∣ 6Rψ−
2
‖C‖2L2(Ω)
+
τ 2C2disp
(
1 + ‖vh‖
1
2
L∞(Ω)
)2
2Rψ3−
‖Vc‖
2
L2(Ω) .
Equation (4.25) is then
Rψ−
2
‖C‖2L2(Ω) + τ
(
ψ−1+ − C
′′
)
‖Vc‖
2
L2(Ω) 6 0
9
with C′′ =
τC2disp
(
1 + ‖vh‖
1
2
L∞(Ω)
)2
2Rψ3−
.
For a time step enough small such that ψ−1+ − C
′′ > 0, we get from the previews inequality:
‖C‖2L2(Ω) = 0 and ‖Vc‖
2
L2(Ω) = 0⇒ c
n
1 = c
n
2 and v
n
c,1 = v
n
c,2 = 0 almost everywhere in Ω.
The solution (cnh , vc
n
h) of the problem (4.4)-(4.5) is then unique.
Estimation in function of h and τ
In order to obtain estimations in function of h and τ , we use the estimations of I6 :
|I6| 6 τ 〈ψ
−1Cdisp
(
1 + ‖vh‖
1
2
L∞(Ω)
)
w¯, u¯〉 6 τψ−1− Cdisp
∑
Oh∈Th
∫
Oh
(1 + |vh|
1
2 ) |w¯h| |u¯h| dx.
In the case where assumption (ii) (b) of Theorem 1 is satisfied, estimation of this term is obvious and we
directly get (4.7). Else, by the Cauchy-Schwarz inequality, we get
|I6| 6 τψ
−1
− Cdisp
∑
Oh∈Th
(∫
Oh
(1 + |vh|
1
2 )2 dx
) 1
2
(∫
Oh
|w¯h|
2 |u¯h|
2 dx
) 1
2
6 τψ−1− Cdisp
∑
Oh∈Th
(∫
Oh
C |vh| dx
) 1
2
(∫
Oh
|w¯h|
2 |u¯h|
2 dx
) 1
2
6 Cτψ−1− Cdisp
∑
Oh∈Th
((∫
Oh
|vh|
2 dx
) 1
2
(∫
Oh
12 dx
) 1
2
) 1
2
(∫
Oh
|w¯h|
2 |u¯h|
2 dx
) 1
2
.
Using that ‖vh‖L2(Oh) 6 ‖vh‖L2(Ω), quantity that we suppose uniform boundedness in Theorem 1, we find
|I6| 6 Cτψ
−1
− Cdisp
∑
Oh∈Th
‖vh‖
1
2
L2(Ω)
|Oh|
1
4
(∫
Oh
|w¯h|
2 |u¯h|
2 dx
) 1
2
6 Cτψ−1− Cdisp
∑
Oh∈Th
|Oh|
1
4
(∫
Oh
|w¯h|
2 |u¯h|
2 dx
) 1
2
.
As w¯h is constant by mesh, we get
|I6| 6 Cτψ
−1
− Cdisp
∑
Oh∈Th
|Oh|
1
4 |w¯h|
(∫
Oh
|u¯h|
2 dx
) 1
2
= Cτψ−1− Cdisp
∑
Oh∈Th
|Oh|
1
4
( 1
|Oh|
∫
Oh
|w¯h|
2 dx
) 1
2
(∫
Oh
|u¯h|
2 dx
) 1
2
.
Supposing the mesh is quasi-uniform (because we use finit elements P0 constant by mesh, in other cases we
have to adapted the proof by using inverse inequalities (see theorem 4.5.11 and the associated remark in
Brenner and Scott [5])), we get
|I6| 6
Cτψ−1− Cdisp
h
N
4
∑
Oh∈Th
(
‖w¯h‖L2(Oh) ‖u¯h‖L2(Oh)
)
.
By the discret Cauchy-Schwarz inequality, we get
|I6| 6
Cτψ−1− Cdisp
h
N
4
( ∑
Oh∈Th
‖w¯h‖
2
L2(Oh)
) 1
2
( ∑
Oh∈Th
‖u¯h‖
2
L2(Oh)
) 1
2
6
Cτψ−1− Cdisp
h
N
4
‖w¯‖L2(Ω) ‖u¯‖L2(Ω) .
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Finally, according to Young inequality, we get
|I6| 6
Rψ−
8
‖w¯‖2L2(Ω) +
2C2τ 2C2disp
h
N
2 Rψ3−
‖u¯‖2L2(Ω) =
Rψ−
8
‖w¯‖2L2(Ω) + C
′τ ‖u¯‖2L2(Ω)
where C′ =
2C2τC2disp
h
N
2 Rψ3−
=
2C2C2dispτ
1−ǫ
2 τ
1+ǫ
2
h
N
2 Rψ3−
.
As we have proved the existence and the uniqueness of cnh and vc
n
h, we can write:
((P(ξ), ξ)) >
Rψ−
2
‖cnh‖
2
L2(Ω) + τ
(
ψ−1+ −C
′
)
‖vc
n
h‖
2
L2(Ω) −K
where K =
2
ψ−
(
(Rψ2+ +
τ 2r+
R
)
∥∥cn−1h ∥∥2L2(Ω) + τ 2R ‖p‖2L2(Ω)
)
.
If the Courant-Friedrichs-Lewy condition (4.6) is satisfied, then we get
((P(ξ), ξ)) >
Rψ−
2
‖cnh‖
2
L2(Ω) + τ
(
ψ−1+ − CCFLτ
1+ǫ
2
)
‖vc
n
h‖
2
L2(Ω) −K.
As the computing of ((P (ξ), ξ)) now implies uniform constants in h and τ , we deduce uniform estimations
of the theorem for τ small enough (such that ψ−1+ − CCFLτ
1+ ǫ
2 > 0).
Stability
Lets now focus on the study of the stability. We state the following result:
Theorem 2. Assume that (cnh , vc
n
h) is solution of problem (4.4)-(4.5). Assume that r ∈ L
∞(R) or |r(x)| 6
r+ |x| for all x ∈ R with r+ ∈ R and the condition (4.7) is satisfied. We have the following estimations
1
τ
T/τ∑
n=1
∥∥cnh − cn−1h ∥∥2L2(Ω) + sup
06k6T/τ
∥∥∥vckh∥∥∥2
L2(Ω)
+
T/τ∑
n=1
∥∥vcnh − vcn−1h ∥∥2L2(Ω)
6 C
(
1 + ‖vh‖L∞(Ω) + ‖vh‖
2
L∞(Ω)
)
(4.26)
and
τ
T/τ∑
n=1
∥∥∥div(S(vh) 12 vcnh)∥∥∥2
L2(Ω)
6 C
(
1 + ‖vh‖L∞(Ω) + ‖vh‖
2
L∞(Ω)
)
. (4.27)
Proof. We recall (4.4) and (4.5):
〈Rψ(cnh − c
n−1
h ), wh〉+ τ 〈div(S(vh)
1
2 vc
n
h), wh〉+ τ 〈r(c
n−1
h ), wh〉 − τ 〈p,wh〉 = 0,
〈S(vh)
− 1
2ψ−1vc
n
h, uh〉 − 〈c
n
h,div(uh)〉 − 〈S(vh)
−1ψ−1vhc
n
h , uh〉 = 0.
By rewriting equation (4.5) in time tn and tn−1 and by substracting the two equations, we get:
〈S(vh)
− 1
2ψ−1(vc
n
h − vc
n−1
h ), uh〉 − 〈(c
n
h − c
n−1
h ),div(uh)〉
− 〈S(vh)
−1ψ−1vh(c
n
h − c
n−1
h ), uh〉 = 0. (4.28)
Adding equations (4.4) and (4.28) and letting wh = c
n
h − c
n−1
h and uh = τS(vh)
1
2 vc
n
h :
〈Rψ(cnh − c
n−1
h ), (c
n
h − c
n−1
h )〉+ τ 〈r(c
n−1
h ), (c
n
h − c
n−1
h )〉 − τ 〈p, (c
n
h − c
n−1
h )〉
+ τ 〈S(vh)
− 1
2ψ−1(vc
n
h − vc
n−1
h ), S(vh)
1
2 vc
n
h〉 − τ 〈S(vh)
−1ψ−1vh(c
n
h − c
n−1
h ), S(vh)
1
2 vc
n
h〉 = 0.
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We estimated the five terms:
I1 > Rψ−
∥∥cnh − cn−1h ∥∥2L2(Ω) ,
|I2| 6
τ 2
Rψ−
∥∥r(cn−1h )∥∥2L2(Ω) + Rψ−4
∥∥cnh − cn−1h ∥∥2L2(Ω) ,
|I3| 6
τ 2
Rψ−
‖p‖2L2(Ω) +
Rψ−
4
∥∥cnh − cn−1h ∥∥2L2(Ω) ,
I4 =
τ
2
∫
Ω
ψ−1
(
(vc
n
h)
2 − (vc
n−1
h )
2 + (vc
n
h − vc
n−1
h )
2
)
dx
=
τ
2
∥∥∥ψ− 12 vcnh∥∥∥2
L2(Ω)
+
τ
2
∥∥∥ψ− 12 (vcnh − vcn−1h )∥∥∥2
L2(Ω)
−
τ
2
∥∥∥ψ− 12 vcn−1h ∥∥∥2
L2(Ω)
,
because we have assumed S(vh) is symmetric, and by using (2.6)
|I5| 6
τ 2C2disp
(
1 + ‖vh‖
1
2
L∞(Ω)
)2
Rψ3−
‖vc
n
h‖
2
L2(Ω) +
Rψ−
4
∥∥cnh − cn−1h ∥∥2L2(Ω)
6
Cτ 2C2disp ‖vh‖L∞(Ω)
Rψ3−
‖vc
n
h‖
2
L2(Ω) +
Rψ−
4
∥∥cnh − cn−1h ∥∥2L2(Ω) .
We thus get
Rψ−
4
∥∥cnh − cn−1h ∥∥2L2(Ω) + τ2
∥∥∥ψ− 12 (vcnh − vcn−1h )∥∥∥2
L2(Ω)
+
τ
2
∥∥∥ψ− 12 vcnh∥∥∥2
L2(Ω)
6
τ
2
∥∥∥ψ− 12 vcn−1h ∥∥∥2
L2(Ω)
+
τ 2
Rψ−
(∥∥r(cn−1h )∥∥2L2(Ω) + ‖p‖2L2(Ω)
+ C2dispC ‖vh‖L∞(Ω) ψ
−2
− ‖vc
n
h‖
2
L2(Ω)
)
.
If r ∈ L∞(Ω), we get
∥∥r(cn−1h )∥∥2L2(Ω) 6 C. Similarly, we have assumed that condition (4.7) is satisfied, thus
we get ‖cnh‖L2(Ω) 6 C. Then, if |r(x)| 6 r
+ |x|, x ∈ R, we get
∥∥r(cn−1h )∥∥2L2(Ω) 6 C. Thus
Rψ−
4
∥∥cnh − cn−1h ∥∥2L2(Ω) + τ2
∥∥∥ψ− 12 (vcnh − vcn−1h )∥∥∥2
L2(Ω)
+
τ
2
∥∥∥ψ− 12 vcnh∥∥∥2
L2(Ω)
6
τ
2
∥∥∥ψ− 12 vcn−1h ∥∥∥2
L2(Ω)
+
τ 2
Rψ−
(
C + C2dispC ‖vh‖L∞(Ω) ψ
−2
− ‖vc
n
h‖
2
L2(Ω)
)
.
By adding for n = 1, ..., k and noticing that
∑
n6T/τ
Cτ 2 6 Cτ , we get
C
k∑
n=1
∥∥cnh − cn−1h ∥∥2L2(Ω) + Cτ
k∑
n=1
∥∥vcnh − vcn−1h ∥∥2L2(Ω) + τ2
∥∥∥vckh∥∥∥2
L2(Ω)
6 Cτ + 2τ ‖vh‖L∞(Ω)
( k∑
n=1
τ
2
‖vc
n
h‖
2
L2(Ω)
)
. (4.29)
Lets start by considering
τ
∥∥∥vckh∥∥∥2
L2(Ω)
6 Cτ + 2τ ‖vh‖L∞(Ω)
( k∑
n=1
τ
2
‖vc
n
h‖
2
L2(Ω)
)
.
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The discret Gronwall inequality 1 gives :
‖vc
n
h‖
2
L2(Ω) 6 C
(
1 + ‖vh‖L∞(Ω)
)
.
We can also deduce from (4.29) :
k∑
n=1
∥∥cnh − cn−1h ∥∥2L2(Ω) 6 Cτ
(
1 + ‖vh‖L∞(Ω) + ‖vh‖
2
L∞(Ω)
)
and
k∑
n=1
∥∥vcnh − vcn−1h ∥∥2L2(Ω) 6 C
(
1 + ‖vh‖L∞(Ω) + ‖vh‖
2
L∞(Ω)
)
.
As the results are satisfied for all k, 0 6 k 6 T/τ , we conclude:
1
τ
T/τ∑
n=1
∥∥cnh − cn−1h ∥∥2L2(Ω) + sup
06k6T/τ
∥∥∥vckh∥∥∥2
L2(Ω)
+
T/τ∑
n=1
∥∥vcnh − vcn−1h ∥∥2L2(Ω)
6 C
(
1 + ‖vh‖L∞(Ω) + ‖vh‖
2
L∞(Ω)
)
. (4.30)
We return to equation (4.4) by taking wh = div(S(vh)
1
2 vc
n
h). We get:
〈Rψ(cnh − c
n−1
h ),div(S(vh)
1
2 vc
n
h)〉+ τ 〈div(S(vh)
1
2 vc
n
h),div(S(vh)
1
2 vc
n
h)〉
+ τ 〈r(cn−1h ),div(S(vh)
1
2 vc
n
h)〉 − τ 〈p,div(S(vh)
1
2 vc
n
h)〉 = 0.
We estimate the following terms:
|I1| 6
R2ψ2+
τ
∥∥cnh − cn−1h ∥∥2L2(Ω) + τ4
∥∥∥div(S(vh) 12 vcnh)∥∥∥2
L2(Ω)
,
I2 > τ
∥∥∥div(S(vh) 12 vcnh)∥∥∥2
L2(Ω)
,
|I3| 6 Cτ +
τ
4
∥∥∥div(S(vh) 12 vcnh)∥∥∥2
L2(Ω)
because r is assumed L∞(Ω) or sublinear with condition (4.7), and
|I4| 6 Cτ +
τ
4
∥∥∥div(S(vh) 12 vcnh)∥∥∥2
L2(Ω)
.
Thus we get
τ
4
∥∥∥div(S(vh) 12 vcnh)∥∥∥2
L2(Ω)
6 Cτ +
R2ψ2+
τ
∥∥cnh − cn−1h ∥∥2L2(Ω) .
Adding for n = 1, ..., k, we get
Cτ
k∑
n=1
∥∥∥div(S(vh) 12 vcnh)∥∥∥2
L2(Ω)
6 C +
C
τ
k∑
n=1
∥∥cnh − cn−1h ∥∥2L2(Ω) .
According to (4.30),
C
τ
k∑
n=1
∥∥cnh − cn−1h ∥∥2L2(Ω) 6 C
(
1 + ‖vh‖L∞(Ω) + ‖vh‖
2
L∞(Ω)
)
). We conclude that
τ
T/τ∑
n=1
∥∥∥div(S(vh) 12 vcnh)∥∥∥2
L2(Ω)
6 C
(
1 + ‖vh‖L∞(Ω) + ‖vh‖
2
L∞(Ω)
)
. (4.31)
1If (ak)k>0, (bk)k>0, (ck)k>0, are three sequences with positive termes such that for all k > 0 we get ak+1 6 ck+1 +
k∑
n=0
anbn,
then ak+1 6 ck+1 +
k∑
n=0
cnbn exp(
k∑
j=n+1
bj).
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5 Convergence
5.1 Scheme’s convergence
We recall the problem: 

Rψ∂tc+ div(vc− S(v)ψ∇c) = −r(c) + pχS in ΩT
S(v)∇c · n = 0 ou c = 0 on ∂Ω× (0, T )
c|t=0 = c0 in Ω.
(5.1)
We chose here a Neumann boundary condition. From now, we assume that one of the following assumptions
is satisfied:
- ∂Ω is C2, κ ∈ (C1(Ω))N×N ;
- ∂Ω is C2, κ = κ∗Id with κ∗ : Ω¯→ R and κ ∈ C1(Ω) ;
which ensure that solution v of the problem is L∞(ΩT ). Moreover, assume that vh, its discretization, is
given by the scheme presented in (3.5). We recall that according to Proposition 2, we get
lim
h→0
‖vh − v‖(L2(ΩT ))N = 0 and ‖vh‖(L∞(ΩT ))N 6 C.
It follows that (4.7) and (4.26)-(4.27) are satisfied.
As we will work with the mixed formulation, we use again the flow notation
vc = −S(v)ψ∇c+ vc.
We introduce the following spaces:
W := H1(0, T ;L2(Ω)),
U := L2(0, T ;H(div; Ω)).
For the fully discretization, we recall the definition of the following discret sub-spaces: Wh ⊂ L
2(Ω) and
Uh ⊂ H(div; Ω) defined as follows:
Wh := {c ∈ L
2(Ω), c is constant on each element O ∈ Th},
Uh := {vc ∈ H(div,Ω), vc is linear on each element O ∈ Th}.
We define also the following projections:
Ph : L
2(Ω) 7→ Wh, 〈Phw − w,wh〉 = 0
for all wh ∈ Wh. Similarly, projection Πh is defined on (H
1(Ω))2 such that
Πh : (H
1(Ω))2 7→ Uh, 〈div(Πhvc − vc), wh〉 = 0
for all wh ∈ Wh. According to Kumar et al. [10], this operator can be extended to H(div; Ω) and we get the
following estimations:

‖w − Phw‖L2(Ω) 6 Ch ‖w‖H1(Ω) for all w ∈ H
1(Ω),
‖vc − Πhvc‖L2(Ω) 6 Ch ‖vc‖H1(Ω) for all vc ∈ (H
1(Ω))N ,
‖div vc − div(Πhvc)‖L2(Ω) 6 Ch ‖vc‖H2(Ω) for all vc ∈ (H
2(Ω))N .
(5.2)
In order to prove the convergence of the discretized problem, we will first prove the convergence for the
semi-discretized in time problem, and then we will study the convergence of the fully discretized problem.
We follow the proof of Kumar et al. [10]. Contrary to [10], we will not consider the ions transport. However,
our equations have a second member and the dispersion tensor (depending on the velocity) is taking into
account, which complicating the proofs. Results obtained in previous sections on the stability will be useful
in these proofs.
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5.1.1 Mixed in time variational formulation
In what follows, we denoted the time step by τ and tn = nτ for n = 1, ..., T/τ in order to consider the time
discretization (implicit in c) with a uniform time step. At each time step tn, we use c
n−1 ∈ L2(Ω) computed
at tn−1 in order to find the following approximation c
n. The initialization is c0. More specifically, we find
(cn, vc
n) ∈ (L2(Ω),H(div; Ω)) satisfying the following (time) semi-discretized problem :
Problem Pn : for (cn−1, p) given in (L2(Ω))2, finding (cn, vc
n) ∈ (L2(Ω),H(div; Ω)) such that
〈Rψ(cn − cn−1), w〉+ τ 〈div(S(v)
1
2 vc
n), w〉+ τ 〈r(cn−1), w〉 − τ 〈p,w〉 = 0, (5.3)
〈S(v)−
1
2ψ−1vc
n, u〉 − 〈cn,div(u)〉 − 〈S(v)−1ψ−1vcn, u〉 = 0 (5.4)
for all (w, u) ∈ (L2(Ω),H(div; Ω)).
We can prove for cn the similar estimates obtained for the fully discretized model in the previous sec-
tion. However, these estimates are not sufficient to pass to the limit. In order to prove the convergence of
the scheme, we need some compactness result.
For that purpose, we introduce the following space translation operator:
∆ξf(·) := f(·) − f(·+ ξ) , ξ ∈ R
N .
For a given ξ ∈ RN , we consider Ωξ ⊂ Ω such that Ωξ := {x ∈ Ω, dist(x,Γ) > ξ}. In this way, translations
∆ξf(x) with x ∈ Ωξ are well-defined. We recall that if u ∈ H
1(Ω), there exists a constant C such that for
all open set ω ⊂⊂ Ω and for all ξ ∈ RN with |ξ| < dist(ω,Ω) we get
‖∆ξu− u‖L2(ω) 6 C ‖u‖H1(Ω) |ξ| . (5.5)
We first consider the space translation of cnh defined in Ω and extended by 0 outside Ω. The following lemma
allows us to control this translation:
Lemma 1. We get the following estimate:
τ
T/τ∑
n=1
‖∆ξc
n‖2L2(ΩT ) 6 C |ξ| (1 + ‖v‖L∞(Ω) + ‖v‖
2
L∞(Ω)) 6 C |ξ| . (5.6)
Proof. We do a space translation on equation (5.4). We get:
〈∆ξ(S(v)
− 1
2ψ−1vc
n), u〉 − 〈∆ξ(c
n),div(u)〉 − 〈∆ξ(S(v)
−1ψ−1vcn), u〉 = 0. (5.7)
We build an appropriate test function in order to obtain the above estimate. We get ηn such that{
−∆ηn = ∆ξc
n in Ω,
ηn = 0 on Γ.
By taking u = ∇ηn in (5.7), we get:
〈∆ξ(S(v)
− 1
2ψ−1vc
n),∇ηn〉+ 〈∆ξ(c
n),∆ξ(c
n)〉 − 〈∆ξ(S(v)
−1ψ−1vcn),∇ηn〉 = 0. (5.8)
Noticing that ηn satisfies ‖∆ηn‖L2(Ω) = ‖∆ξ(c
n)‖L2(Ω), and then ‖η
n‖H2(Ω) 6 C ‖∆ξ(c
n)‖L2(Ω).
This implies that translations of ∇ηn are controlled by those of cn pursuant to (5.5). More specifically,
according to (5.5), we get:
‖∆ξ0(∇η
n)‖L2(Ω) = ‖∇(∆ξ0η
n)‖L2(Ω) 6 C |ξ0| ‖∇η
n‖H1(Ω)
6 C |ξ0| ‖∆ξ0(c
n)‖L2(Ω) , ∀ξ0 ∈ R
N .
From (4.7), ‖cn‖L2(Ω) 6 C. As ‖∆ξ0(c
n)‖L2(Ω) 6 2 ‖c
n‖L2(Ω), we thus get:
‖∇(∆ξ0η
n)‖L2(Ω) 6 C |ξ0| , ∀ξ0 ∈ R
N . (5.9)
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Furthermore, by adding equation (5.8) for n = 1, ..., T/τ , we get the following result2:
τ
T/τ∑
n=1
‖∆ξc
n‖2L2(Ω) = τ
T/τ∑
n=1
(
S(v)−1ψ−1vcn,∇(∆−ξη
n)
)
− τ
T/τ∑
n=1
(
S(v)−
1
2ψ−1vc
n,∇(∆−ξη
n)
)
.
According to (2.4),
∣∣S(v)−1ψ−1vcn∣∣ 6 CM+ |cn|. Moreover, by using (2.5), ∣∣∣S(v)− 12ψ−1vcn∣∣∣ 6 Cvnc(
1 + |v|
) 1
2
.
Thus
τ
T/τ∑
n=1
‖∆ξc
n‖2L2(Ω) 6 Cτ
T/τ∑
n=1
‖cn‖L2(Ω) ‖∇(∆−ξη
n)‖L2(Ω)
+ Cτ
T/τ∑
n=1
∥∥∥∥∥ 1(1 + |v|) 12 |vcn|
∥∥∥∥∥
L2(Ω)
‖∇(∆−ξη
n)‖L2(Ω) .
According to (4.26),
∥∥∥∥∥ 1(1 + |v|) 12 vnc
∥∥∥∥∥
L2(Ω)
6 ‖vc
n‖L2(ΩT ) 6 C
(
1+‖v‖L∞(Ω)+‖v‖
2
L∞(Ω)
)
, and by using (4.7)
and (5.9), we get:
τ
T/τ∑
n=1
‖∆ξc
n‖2L2(Ω) 6 C |ξ|
(
1 + ‖v‖L∞(Ω) + ‖v‖
2
L∞(Ω)
)
6 C |ξ|
which conclude the proof.
We will now prove the time convergence for the semi-discretized scheme. We consider the sequence
{(cn, vc
n), n = 0, ..., T/τ} solution of problem (5.3)-(5.4), and we construct a time-continuous approximation
by linear interpolation. For t ∈ (tn−1, tn], n = 1, ..., T/τ , we define
Zτ (t) := zn
(t− tn−1)
τ
+ zn−1
(tn − t)
τ
, (5.10)
where Zτ may refer respectively Cτ or VC
τ , with respectively zn = cn or zn = vnc .
Lemma 2. There exists a constant C > 0 such that for all τ we get the following estimates:
‖Cτ‖L2(ΩT ) + τ ‖VC
τ‖L2(ΩT ) 6 C, (5.11)
‖∂tC
τ‖L2(ΩT ) +
∥∥∥div(ψ−1S(v) 12 V τC )∥∥∥
L2(ΩT )
6 C
(
1 + ‖v‖L∞(Ω) + ‖v‖
2
L∞(Ω)
)
. (5.12)
Proof. As
‖Cτ‖2L2(ΩT ) 6
∥∥∥∥
∣∣∣∣ t− tn−1τ
∣∣∣∣ |cn|+
∣∣∣∣ tn − tτ
∣∣∣∣ ∣∣cn−1∣∣
∥∥∥∥
2
L2(ΩT )
6
∥∥|cn|+ ∣∣cn−1∣∣∥∥2
L2(ΩT )
6 2 ‖cn‖2L2(ΩT ) + 2
∥∥cn−1∥∥2
L2(ΩT )
,
according to (4.7), we get
‖Cτ‖2L2(ΩT ) 6 2 ‖c
n‖2L2(ΩT ) + 2
∥∥cn−1∥∥2
L2(ΩT )
6 C.
Similarly,
‖VC
τ‖2L2(ΩT ) 6 2 ‖vc
n‖2L2(ΩT ) + 2
∥∥vcn−1∥∥2L2(ΩT ) 6 Cτ .
2We use also that for all functions f and g defined on Ω and extended by 0 outside of Ω, we get 〈∆ξf, g〉 = 〈f,∆−ξg〉. Ineed,
〈∆ξf, g〉 =
∫
Ω
f(x)g(x) dx−
∫
Ω
f(x+ ξ)g(x) dx =
∫
R3
f(x)g(x) dx−
∫
R3
f(x+ ξ)g(x) dx (according to the extended by 0) where we
find by variable change that
∫
R3
f(x+ ξ)g(x) dx =
∫
R3
f(x)g(x− ξ)dξ.
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Thus (5.11).
In order to estimate ‖∂tC
τ‖L2(ΩT ), we denote for each τ ∈ (tn−1, tn], ∂tC
τ =
cn − cn−1
τ
, which implies that
∫ T
0
‖∂tC
τ‖2L2(ΩT ) dt =
T/τ∑
n=1
∫ tn
tn−1
1
τ 2
∥∥cn − cn−1∥∥2
L2(ΩT )
dt 6
T/τ∑
n=1
1
τ
∥∥cn − cn−1∥∥2
L2(ΩT )
.
From (4.26), we thus get
∫ T
0
‖∂tC
τ‖2 dt 6 C
T
τ
(
1 + ‖v‖L∞(Ω) + ‖v‖
2
L∞(Ω)
)
6 C
(
1 + ‖v‖L∞(Ω) + ‖v‖
2
L∞(Ω)
)
.
Similarly,
‖VC
τ‖2L2(Ω) =
∫ T
0
‖∂tVC
τ‖2L2(Ω) dt =
T/τ∑
n=1
∫ tn
tn−1
1
τ 2
∥∥vcn − vcn−1∥∥2L2(Ω) dt
6
T/τ∑
n=1
1
τ
∥∥vcn − vcn−1∥∥2L2(Ω) 6 C
(
1 + ‖v‖L∞(Ω) + ‖v‖
2
L∞(Ω)
)
.
Finally, notice that
div(S(v)
1
2 VC
τ ) = div
(
S(v)
1
2 VC
n−1
)
+
t− tn−1
τ
div
(
S(v)
1
2 (VC
n − VC
n−1)
)
.
According to (4.27) we prove the estimate of div(S(v)
1
2 VC
τ ) in L2(ΩT ).
Estimates of previous lemma ensure the existence of functions c#, v#c , and the existence of a sub-sequence
τ → 0 such that
• Cτ ⇀ c# weakly in L2(ΩT ) ∩H
1(0, T ;L2(Ω)),
• VC
τ ⇀ v#c , div(S(v)
1
2 V τC )⇀ div(S(v)
1
2 v#c ) weakly in L
2(0, T ;L2(Ω)N ).
In order to obtain a strong convergence, we use the translated estimates as in Lemma 1. We get the following
result:
Lemma 3. Sequence Cτ strongly converges to c# in L2(ΩT ) when τ → 0.
Proof. We will use the Riesz-Frechet-Kolmogorov theorem. As ∂tC
τ ∈ L2(ΩT ), the time translation is
controlled. It remains to control the space translation:
Iξ :=
∫ T
0
∫
Ω
|∆ξC
τ |2 dx dt→ 0 when |ξ| → 0.
According to the definition of Cτ , we get
Iξ =
∫ T
0
∫
Ω
|Cτ (x)− Cτ (x+ ξ)|2 dx dt =
T/τ∑
n=1
∫ tn
tn−1
∫
Ωξ
|cn(x)
t− tn−1
τ
+ cn−1(x)
tn − t
τ
− cn(x+ ξ)
t− tn−1
τ
− cn−1(x+ ξ)
tn − t
τ
|2 dx dt
=
T/τ∑
n=1
∫ tn
tn−1
∫
Ωξ
∣∣∣∣∆ξcn t− tn−1τ +∆ξcn−1 tn − tτ
∣∣∣∣
2
dx dt.
Thus
|Iξ| 6
T/τ∑
n=1
τ
(
2 ‖∆ξc
n‖2L2(ΩT ) + 2
∥∥∆ξcn−1∥∥2L2(ΩT )
)
.
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By using Lemma 1, we get that
|Iξ| 6 C |ξ|
(
1 + ‖v‖L∞(Ω) + ‖v‖
2
L∞(Ω)
)
,
where C in independently of τ and h.
We thus control the space translation of cn and according to Riesz-Frechet-Kolmogorov theorem, {Cτ , τ > 0}
is compact. We thus conclude the strong convergence in L2(ΩT ) of C
τ to c#.
Now we have prove the strong convergence of Cτ , we can pass to the limit.
Theorem 3. The sequence (Cτ , V τC ) converges to the solution (c, vc) of (5.1) when τ → 0.
Proof. Function (Cτ , V τC ) satisfies
〈Rψ∂tC
τ , w〉+ 〈div(S(v)
1
2 VC
τ ), w〉+ 〈r(Cτ ), w〉 − 〈p,w〉 =
〈div(S(v)
1
2 (VC
τ − vc
n)), w〉+ 〈r(Cτ )− r(cn−1), w〉 (5.13)
and
〈S(V )−
1
2ψ−1VC
τ , u〉 − 〈Cτ ,div(u)〉 − 〈S(V )−1ψ−1V Cτ , u〉 =
〈S(V )−
1
2ψ−1(VC
τ − vc
n), u〉 − 〈Cτ − cn,div(u)〉 − 〈S(V )−1ψ−1(V Cτ − V cn), u〉 (5.14)
for all (w, u) ∈ (L2(0, T ;H10 (Ω)),S). We first consider (5.13) and thanks to Lemma 3, the left member
converges to 〈Rψ∂tc
#, w〉 + 〈div(S(v)
1
2 v#c ), w〉 + 〈r(c
#), w〉 − 〈p,w〉. Lets prove that the right member
removes when τ → 0. We denoted the two terms of the right member respectively I1 and I2. Integrating I1
by parts, which is allowed according to the choice of w ∈ L2(0, T ;H10 (Ω)), we get
I1 =
T/τ∑
n=1
∫ tn
tn−1
S(v)
1
2 (VC
τ − vc
n) · ∇w dxdt
=
T/τ∑
n=1
∫ tn
tn−1
S(v)
1
2 (vc
n t− tn−1
τ
+ vc
n−1 tn − t
τ
− vc
n) · ∇w dxdt
=
T/τ∑
n=1
∫ tn
tn−1
t− tn
τ
S(v)
1
2 (vc
n − vc
n−1) · ∇wdx dt.
When t ∈ [tn−1, tn[,
t− tn
τ
< 1. Thus, according to Cauchy-Schwarz inequality, we get
|I1| 6 τ
1
2
(T/τ∑
n=1
∥∥∥S(v) 12 (vcn − vcn−1)∥∥∥2
L2(Ω)
) 1
2
(∫ T
0
‖∇w‖2L2(Ω)
) 1
2
6 τ
1
2C
(
1 + ‖v‖L∞(Ω) + ‖v‖
2
L∞(Ω)
)
‖∇w‖L2(Ω)
6 Cτ
1
2 → 0 when τ → 0
thanks to l’estimate (4.26).
We get
|I2| =
∣∣〈r(Cτ )− r(cn−1), w〉∣∣
6
(
C
T/τ∑
n=1
τ
∥∥r(Cτ )− r(cn−1)∥∥2
L2(Ω)
) 1
2
(T/τ∑
n=1
∫ tn
tn−1
‖w‖2L2(Ω) dt
) 1
2
.
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As r is assumed derivable with a bounded derivative, we get
|I2| 6 τ
1
2
∥∥r′∥∥
L∞(R)
(T/τ∑
n=1
∥∥Cτ − cn−1∥∥2
L2(Ω)
) 1
2
(T/τ∑
n=1
∫ tn
tn−1
‖w‖2L2(Ω) dt
) 1
2
6 Cτ
1
2
∥∥r′∥∥
L∞(R)
(T/τ∑
n=1
∥∥cn − cn−1∥∥2
L2(Ω)
) 1
2
‖w‖L2(Ω) .
From (4.26), we get
|I2| 6 Cτ
1
2
∥∥r′∥∥
L∞(R)
(
τ
(
1 + ‖v‖L∞(Ω) + ‖v‖
2
L∞(Ω)
)) 1
2
‖w‖L2(Ω)
6 Cτ
∥∥r′∥∥
L∞(R)
(
1 + ‖v‖L∞(Ω) + ‖v‖
2
L∞(Ω)
) 1
2
‖w‖L2(Ω)
6 Cτ → 0 when τ → 0.
Then, |I2| → 0. Thus
lim
τ→0
(
〈Rψ∂tC
τ , w〉+ 〈div(S(v)
1
2 VC
τ ), w〉+ 〈r(Cτ ), w〉 − 〈p,w〉
)
= 0,
meaning
〈Rψ∂tc
#, w〉+ 〈div(S(v)
1
2 v#c ), w〉+ 〈r(c
#), w〉 − 〈p,w〉 = 0. (5.15)
We now focus on (5.14). We denoted the three first terms of the right member respectively I4, I5 and I6.
We get
|I4| 6
T/τ∑
n=1
∫ tn
tn−1
S(v)−
1
2ψ−1(VC
τ − vc
n) · u dx dt
6
T/τ∑
n=1
∫ tn
tn−1
∣∣∣∣ t− tnτ S(v)− 12ψ−1(vcn − vcn−1) · u
∣∣∣∣ dx dt
6 τ
1
2
(T/τ∑
n=1
∥∥∥S(v)− 12ψ−1(vcn − vcn−1)∥∥∥2
L2(Ω)
) 1
2
(∫ T
0
‖u‖2L2(Ω) dt
) 1
2
→ 0 when τ → 0
according to (4.26).
Similarly, we find |I5| and |I6| → 0.
Thus
lim
τ→0
(
〈S(v)−
1
2ψ−1VC
τ , u〉 − 〈Cτ , div(u)〉 − 〈S(v)−1ψ−1V Cτ , u〉
)
= 0
meaning
〈S(v)−
1
2ψ−1v#c , u〉 − 〈c
#,div(u)〉 − 〈S(v)−1ψ−1vc#, u〉 = 0. (5.16)
According to (5.15) and (5.16), (c#, v#c ) is a weak solution of (5.1). The solution of the problem being
unique, we get (c#, v#c ) = (c, vc) and the sequence (C
τ , V τC ) converges to this limit.
We have proved the convergence of the solution for the time discretized model. We are now going to
study the fully discretized problem, in time and in space, and prove the convergence of the solution.
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5.1.2 Fully discretization
The problem is initialized with c0h = c0, with n = 1, ..., N . We find the approximation (c
n
h, vc
n
h) of
(c(tn), vc(tn)) at t = tn solution of the following problem:
Problem Pnh : for a given c
n−1
h ∈ Wh, finding (c
n
h , vc
n
h) ∈ (Wh,Uh) satisfiying
〈Rψ(cnh − c
n−1
h ), w〉+ τ 〈div(S(vh)
1
2 vc
n
h), w〉+ τ 〈r(c
n−1
h ), w〉 − τ 〈p,w〉 = 0, (5.17)
〈S(vh)
− 1
2ψ−1vc
n
h , u〉 − 〈c
n
h ,div(u)〉 − 〈S(vh)
−1ψ−1vhc
n
h , u〉 = 0 (5.18)
for all (w, u) ∈ Wh × Uh.
The approach in order to prove the convergence of the solution is the same as the one used for the semi-
discretized model. We introduce Zτh the approximation of Z
τ
h by interpolation defined by
Zτh = z
n
h
t− tn−1
τ
+ zn−1h
tn − t
τ
where Zτh may refer to C
τ
h or VC
τ
h.
Ensures the following lemma:
Lemma 4. There exists a constant C > 0 such that for all τ and h we get the following estimation
‖Cτh‖
2
L2(ΩT )
+ τ ‖VC
τ
h‖
2
L2(ΩT )
6 C, (5.19)
‖∂tC
τ
h‖
2
L2(ΩT )
+
∥∥∥div(ψ−1S(vh) 12 VCτh)∥∥∥2
L2(ΩT )
6 C
(
1 + ‖v‖L∞(Ω) + ‖v‖
2
L∞(Ω)
)
6 C. (5.20)
Proof. The proof is similar to those of Lemma 2.
Lemma 5. There exists a sub-sequence τ → 0 and functions c# and v#c such that:
Cτh ⇀ c
# weakly in L2(ΩT ),
∂tC
τ
h ⇀ ∂tc
# weakly in L2(ΩT ),
VC
τ
h ⇀ v
#
c weakly in L
2(0, T ;L2(Ω)N ),
div(S(vh)
1
2 VC
τ
h)⇀ div(S(v)
1
2 v#c ) weakly in L
2(0, T ;L2(Ω)N ).
Proof. The proof is similar to those in the semi-discrete case. For the last convergence, we use that vh → v
strongly in L2(ΩT ).
We denoted E the set of triangles bounds Th. Moreover we get E = Eint ∪Eext with Eint = E\Eext. We
use the following notation:
|T | area of T ∈ Th, xi the center of the circumscribed cercle to T ,
|Th| = max
Ti∈Th
|Ti| ,
ℓij boundary between Ti and Tj , dij the distance from xi to ℓij , σij =
|ℓij |
dij
.
We defined the following inner products for all cnh , w
n
h ∈ Uh :
(cnh, w
n
h)h :=
∑
Ti∈Th
|Ti| c
n
h,iw
n
h,i, (c
n
h , w
n
h)1,h :=
∑
lij∈E
|σij | (c
n
h,i − c
h
h,j)(w
n
h,i − w
n
h,j). (5.21)
The discrete inner product gives the discrete norm H10 :
‖cnh‖
2
1,h =
∑
lij∈E
|σij | (c
n
h,i − c
n
h,j)
2. (5.22)
Lemma 6. Let Ω an open set of RN , N = 2 or 3, and Th a mesh. For a c defined in Ω ans extended in c¯
by 0 outside of Ω, we get
‖∆ξ c¯‖
2
L2(RN ) 6 ‖c‖
2
1,h |ξ| (|ξ|+ C |Th|) for all ξ ∈ R
N . (5.23)
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Proof. We refer to the proof of lemma 4 in Eymard et al. [6].
Lemma 7. For a sequence cnh, we get the following inequality:
‖cnh‖1,h 6 C
(
‖vc
n
h‖L2(Ω) + ‖c
n
h‖L2(Ω)
)
(5.24)
with C independently of h and n.
Proof. We definedfnh by given its value on every element Ti ∈ Th :
|Ti| f
n
h |Ti
:=
∑
ℓij
|ℓij |
dij
(cnh,i − c
n
h,j). (5.25)
According to the definition of ‖.‖21,h, and because c
n
h is constant by mesh:
(fnh , c
n
h) =
∑
Ti∈Th
|Ti| f
n
h |Ti
cnh |Ti =
∑
Ti∈Th
(∑
ℓij
|ℓij |
dij
(cnh,i − c
n
h,j)
)
cnh,i
=
∑
ℓij∈E
|ℓij |
dij
∣∣cnh,i − cnh,j∣∣2 = ‖cnh‖21,h . (5.26)
We see that:∑
Ti∈Th
(∑
ℓij
|ℓij |
dij
(cnh,i − c
n
h,j)
)
cnh,i =
|ℓ12|
d12
(cnh,1 − c
n
h,2)c
n
h,1 +
|ℓ13|
d13
(cnh,1 − c
n
h,3)c
n
h,1
+
|ℓ12|
d12
(cnh,2 − c
n
h,1)c
n
h,2 +
|ℓ24|
d24
(cnh,2 − c
n
h,4)c
n
h,2
+
|ℓ13|
d13
(cnh,3 − c
n
h,1)c
n
h,3 +
|ℓ34|
d34
(cnh,3 − c
n
h,4)c
n
h,3
+
|ℓ24|
d24
(cnh,4 − c
n
h,2)c
n
h,4 +
|ℓ34|
d34
(cnh,4 − c
n
h,3)c
n
h,4
=
∑
ℓij∈E
|ℓij |
dij
(cnh,i − c
n
h,j)
2.
Moreover, thanks to Cauchy-Schwarz inequality:
‖fnh ‖
2
L2(Ω) =
∑
i
|Ti ∈ Th|
∣∣∣fnh |Ti
∣∣∣2 6 ( ∑
ℓij∈E
|ℓij |
dij
(cnh,i − c
n
h,j)
2 1
|Ti|
)(∑
ℓij
|ℓij |
dij
)
which implies that |fnh | 6 |c
n
h |1,h. Furthermore, as f
n
h ∈ L
2(Ω), there exists βh ∈ Uh such that
div βh = f
n
h in Ω (5.27)
βh = 0 on Γ. (5.28)
According to the bounds of fnh , we also have that ‖βh‖L2(Ω) 6 C ‖f
n
h ‖L2(Ω) 6 C ‖c
n
h‖1,h.
With (5.27) in (5.26), we find that (cnh ,div(βh)) = (c
n
h , f
n
h ) = ‖c
n
h‖
2
1,h. We chose the test function u = βh in
(5.18) and we get
‖cnh‖
2
1,h = (c
n
h ,div(βh)) = (S(vh)
− 1
2ψ−1vc
n
h, βh)− (S(vh)
−1ψ−1vhc
n
h , βh)
6 ψ−1− S
− 1
2
m ‖vc
n
h‖L2(Ω) ‖βh‖L2(Ω) + ψ
−1
− S
−1
m ‖vh‖L∞(Ω) ‖c
n
h‖L2(Ω) ‖βh‖L2(Ω)
6 C ‖vc
n
h‖L2(Ω) ‖c
n
h‖1,h +C ‖c
n
h‖L2(Ω) ‖c
n
h‖1,h .
Thus
‖cnh‖1,h 6 C
(
‖vc
n
h‖L2(Ω) + ‖c
n
h‖L2(Ω)
)
.
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Lemma 8. There exists a subsequence of Cτh which strongly converge in L
2(0, T ;L2(Ω)) when (τ, h)→ (0, 0).
Proof. As ∂tC
τ
h ∈ L
2, the time translation is controlled. It remains to consider the space translation. Taking
(5.24) and adding for n = 1, ..., T/τ , we get:
τ
T/τ∑
n=1
‖cnh‖
2
1,h 6 Cτ
T/τ∑
n=1
(
‖vc
n
h‖
2 + ‖cnh‖
2
)
6 C
(
1 + ‖v‖L∞(Ω) + ‖v‖
2
L∞(Ω)
)
6 C (5.29)
according to (4.7) and (4.26). We extend cnh by 0 outside of Ω (we keep the same notation for more simplicity)
and we use Lemma 6 in order to control the translation by the norm ‖.‖1,h :
τ
T/τ∑
n=1
‖∆ξc
n
h‖
2
L2(R2) = τ
T/τ∑
n=1
‖cnh(·+ ξ)− c
n
h‖
2
L2(R2) 6 τC
T/τ∑
n=1
‖cnh‖
2
1,h |ξ| (|ξ|+ |Th|).
According to (5.29)
τ
T/τ∑
n=1
‖∆ξc
n
h‖
2
L2(R2) 6 C |ξ| (|ξ|+ |Th|)
(
1 + ‖v‖L∞(Ω) + ‖v‖
2
L∞(Ω)
)
6 C |ξ| (|ξ|+ |Th|)
which gives the following estimate for Cτh :
τ
T/τ∑
n=1
‖Cτh(·+ ξ)− C
τ
h‖
2
L2(R2) 6 C |ξ| (|ξ|+ |Th|).
According to the Riesz-Frechet-Kolmogorov compactness theorem, {Cτh , h > 0, τ > 0} is compact, which
drives the conclusion.
The strong convergence of Cτh being obtained, we can now pass to the limit.
Lemma 9. The limit (c#, v#c ) is a weak solution of (5.1).
Proof. Function (Cτ , V τC ) satisfies (5.13) which is recall below:
〈Rψ∂tC
τ
h , w〉+ 〈div(S(vh)
1
2 VC
τ
h), w〉+ 〈r(C
τ
h), w〉 − 〈p,w〉 =
〈div(S(vh)
1
2 (VC
τ
h − vc
n
h)), w〉+ 〈r(C
τ
h)− r(c
n−1
h ), w〉 (5.30)
for all w ∈ L2(0, T ;H10 (Ω)). It thus also satisfies
〈Rψ∂tC
τ
h , w − wh〉+ 〈div(S(vh)
1
2 VC
τ
h), w − wh〉+ 〈r(C
τ
h), w − wh〉 − 〈p,w − wh〉 =
〈div(S(vh)
1
2 (VC
τ
h − vc
n
h)), w − wh〉+ 〈r(C
τ
h)− r(c
n
h), w − wh〉
meaning
〈Rψ∂tC
τ
h , w − wh〉+ 〈div(S(vh)
1
2 VC
τ
h), w − wh〉+ 〈r(C
τ
h), w − wh〉 − 〈p,w − wh〉
+ 〈div(S(vh)
1
2 (VC
τ
h − vc
n
h)), wh −w〉+ 〈r(C
τ
h)− r(c
n
h), wh − w〉 = 0 (5.31)
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for all w ∈ L2(0, T ;H10 (Ω)) and where wh is the projection of w on Wh, wh = Phw, previously introduced.
By adding (5.31) to the right member of (5.30), we get∫ T
0
(Rψ∂tC
τ
h , w) dt+
∫ T
0
(div(S(vh)
1
2 VC
τ
h), w) dt+
∫ T
0
(r(Cτh), w) dt−
∫ T
0
(p,w) dt =
T/τ∑
n=1
∫ tn
tn−1
(Rψ∂tC
τ
h , w − wh) dt+
T/τ∑
n=1
∫ tn
tn−1
(div(S(vh)
1
2 VC
τ
h)− div(S(vh)
1
2 vc
n
h), w) dt
+
T/τ∑
n=1
∫ tn
tn−1
(div(S(vh)
1
2 VC
τ
h), w − wh) dt
+
T/τ∑
n=1
∫ tn
tn−1
(div(S(vh)
1
2 VC
τ
h)− div(S(vh)
1
2 vc
n
h), wh − w) dt
+
T/τ∑
n=1
∫ tn
tn−1
(r(Cτh)− r(c
n
h), w) dt+
T/τ∑
n=1
∫ tn
tn−1
(r(Cτh), w − wh) dt
+
T/τ∑
n=1
∫ tn
tn−1
(r(Cτh)− r(c
n
h), wh − w) dt−
T/τ∑
n=1
∫ tn
tn−1
(p,w − wh) dt.
Noticing that we assume a H1 regularity in space for the test functions w. We will use it in order to control
terms ‖w − wh‖L2(ΩT ) thanks to (5.2).
We denoted terms of the right members respectively Ii with i = 1, ..., 8. We get:
|I1| 6 Rψ+ ‖∂tC
τ
h‖L2(ΩT )
(T/τ∑
n=1
∫ tn
tn−1
‖w − wh‖
2
L2(Ω) dt
) 1
2
.
According to (5.20) from Lemme 4 and the proprieties of the projection operator (5.2), we get
|I1| 6 C
(T/τ∑
n=1
∫ tn
tn−1
‖w − wh‖
2
L2(Ω) dt
) 1
2
6 Ch ‖w‖L2(0,T ;H1(Ω)) 6 Ch→ 0 lorsque h→ 0
because w ∈ L2(0, T ;H1(Ω)).
As tn = tn−1 + τ , we get Z
τ
h − z
τ
h = (t− tn)(z
n
h − z
n−1
h )/τ and |VC
τ
h − vc
n
h | 6 C
∣∣vcnh − vcn−1h ∣∣. Thus, after a
integration by parts (with no boundary term because w ∈ H10 (Ω)):
|I2| 6
(T/τ∑
n=1
τ
∥∥∥S(vh) 12 (vcnh − vcn−1h )∥∥∥2
L2(Ω)
dt
) 1
2
(T/τ∑
n=1
∫ tn
tn−1
‖∇w‖2L2(Ω) dt
) 1
2
.
According to (4.26), we get
|I2| 6 τ
1
2
∥∥∥(Sm + αL |vh|) 12 ∥∥∥
L∞(Ω)
C
(
1 + ‖v‖L∞(Ω) + ‖v‖
2
L∞(Ω)
) 1
2
‖∇w‖(L2(ΩT ))N .
As vh → v strongly in L
2(Ω), we can pass to the limit. We get
|I2| = Cτ
1
2
(
1 + ‖v‖L∞(Ω) + ‖v‖
2
L∞(Ω)
) 1
2
‖w‖L2(0,T ;H1(Ω)) 6 Cτ
1
2 → 0 when τ → 0.
According to (4.26) and (5.2),
|I3| 6
(
C
T/τ∑
n=1
τ
∥∥∥S(vh) 12 (vcnh − vcn−1h )∥∥∥2
L2(Ω)
dt
) 1
2
(T/τ∑
n=1
∫ tn
tn−1
‖∇(w − wh)‖
2
L2(Ω) dt
) 1
2
6 τ
1
2
∥∥∥(Sm + αL |vh|) 12 ∥∥∥
L∞(Ω)
C
(
1 + ‖v‖L∞(Ω) + ‖v‖
2
L∞(Ω)
) 1
2
‖w − wh‖L2(0,T ;H1(Ω))
6 Cτ
1
2 → 0 when h→ 0 and τ → 0
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because w − wh ∈ L
2(0, T ;H1(Ω)).
Similarly,
|I4| 6
(
C
T/τ∑
n=1
τ
∥∥∥S(vh) 12 (vcnh − vcn−1h )∥∥∥2
L2(Ω)
dt
) 1
2
(T/τ∑
n=1
∫ tn
tn−1
‖∇(wh − w)‖
2
L2(Ω) dt
) 1
2
6 τ
1
2
∥∥∥(Sm + αL |vh|) 12 ∥∥∥
L∞(Ω)
C
(
1 + ‖v‖L∞(Ω) + ‖v‖
2
L∞(Ω)
) 1
2
‖wh −w‖L2(0,T ;H1(Ω))
6 Cτ
1
2 → 0 when h→ 0 and τ → 0.
For the isoterm, we get
|I5| 6
(
C
T/τ∑
n=1
τ
∥∥r(Cτh)− r(cn−1h )∥∥2L2(Ω)
) 1
2
(T/τ∑
n=1
∫ tn
tn−1
‖w‖2L2(Ω) dt
) 1
2
.
As r is supposed to be derivable with a bounded derivate, we get
|I5| 6 τ
1
2
∥∥r′∥∥
L∞(R)
(T/τ∑
n=1
∥∥Cτh − cn−1h ∥∥2L2(Ω)
) 1
2
(T/τ∑
n=1
∫ tn
tn−1
‖w‖2L2(Ω) dt
) 1
2
6 Cτ
1
2
∥∥r′∥∥
L∞(R)
(T/τ∑
n=1
∥∥cnh − cn−1h ∥∥2L2(Ω) dt
) 1
2
‖w‖L2(ΩT ) .
According to (4.26), we get
|I5| 6 Cτ
1
2
∥∥r′∥∥
L∞(R)
(
τ
(
1 + ‖v‖L∞(Ω) + ‖v‖
2
L∞(Ω)
)) 1
2
‖w‖L2(ΩT )
6 Cτ
∥∥r′∥∥
L∞(R)
(
1 + ‖v‖L∞(Ω) + ‖v‖
2
L∞(Ω)
) 1
2
‖w‖L2(ΩT )
6 Cτ → 0 when τ → 0.
Similarly,
|I6| 6
(
C
T/τ∑
n=1
τ ‖r(Cτh)‖
2
L2(Ω) dt
) 1
2
(T/τ∑
n=1
∫ tn
tn−1
‖w − wh‖
2
L2(Ω) dt
) 1
2
6 Ch ‖w‖H1(Ω) 6 Ch→ 0 when h→ 0,
|I7| 6
(
C
T/τ∑
n=1
τ ‖r(Cτh)− r(c
n
h)‖
2
L2(Ω) dt
) 1
2
(T/τ∑
n=1
∫ tn
tn−1
‖wh −w‖
2
L2(Ω) dt
) 1
2
6 Cτ
∥∥r′∥∥
L∞(R)
(
1 + ‖v‖L∞(Ω) + ‖v‖
2
L∞(Ω)
) 1
2
‖wh − w‖L2(ΩT )
6 Cτ → 0 when h→ 0, and τ → 0
and
|I8| 6 ‖p+ γ‖L2(Ω)
(T/τ∑
n=1
∫ tn
tn−1
‖wh − w‖
2
L2(Ω) dt
) 1
2
6 Ch ‖w‖H1(Ω)
6 Ch→ 0 when h→ 0.
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We now focus on the following equation∫ T
0
(S(vh)
− 1
2ψ−1VC
τ
h, u) dt−
∫ T
0
(Cτh ,div u) dt−
∫ T
0
(S(vh)
−1ψ−1vhC
τ
h , u) dt
=
T/τ∑
n=1
∫ tn
tn−1
(S(vh)
− 1
2ψ−1(VC
τ
h − vc
n), u) dt+
T/τ∑
n=1
∫ tn
tn−1
(S(vh)
− 1
2ψ−1vc
n
h, u− uh) dt
+
T/τ∑
n=1
∫ tn
tn−1
(cnh − C
τ
h ,div u) dt+
T/τ∑
n=1
∫ tn
tn−1
(cn,div(uh − u)) dt
+
T/τ∑
n=1
∫ tn
tn−1
(vh(c
n
h −C
τ
h), u) dt+
T/τ∑
n=1
∫ tn
tn−1
(vhc
n
h , uh − u) dt (5.32)
for all u ∈ L2(0, T ;H2(Ω)) and uh = Πh(u). The left member converges to the desired limit. Indeed,∫ T
0
(S(vh)
−1ψ−1vhC
τ
h , u) dt =
∫ T
0
(S(vh)
−1ψ−1vCτh , u) dt
+
∫ T
0
(S(vh)
−1ψ−1(vh − v)C
τ
h , u) dt.
As v ∈ L∞(Ω), the first term of the right member converges to the desired limit thanks to the strong
convergence ofvh to v in L
2(ΩT ) and almost everywhere. Similarly, the second right term removed because
vh − v ∈ (L
∞(Ω))N .
It remains to prove that the right member of (5.32) removed at the limit. We denoted the terms by Ii,
i = 1, ..., 6. We get,
|I1| 6 C ‖u‖L2(0,T ;L2(Ω))
(T/τ∑
n=1
τ
∥∥∥S(vh)− 12ψ−1(vcnh − vcn−1h )∥∥∥2
L2(ΩT )
) 1
2
6 ‖u‖L2(0,T ;L2(Ω)) τ
1
2C
(
1 + ‖v‖L∞(Ω) + ‖v‖
2
L∞(Ω)
) 1
2
S
− 1
2
m ψ
−1
−
6 Cτ
1
2 → 0 when τ → 0,
because vh is bounded in L
∞(Ω) and thanks to (4.26). Moreover, according to (4.26),
|I2| 6
(T/τ∑
n=1
τ
∥∥∥S(vh)− 12ψ−1vcnh∥∥∥2
L2(Ω)
) 1
2
(T/τ∑
n=1
‖u− uh‖
2
L2(Ω)
) 1
2
6 τ
1
2ψ−1− S
− 1
2
m sup ‖vc
n
h‖L2(Ω)
(T/τ∑
n=1
1
) 1
2
‖u− uh‖L2(Ω)
6 S−1m ψ
−1
−
(
1 + ‖v‖L∞(Ω) + ‖v‖
2
L∞(Ω)
) 1
2
‖u− uh‖L2(Ω)
6 Ch ‖u‖H1(Ω) 6 Ch.
Thus
|I2| → 0 when h→ 0.
Similarly, also thanks to (4.26),
|I3| 6
(T/τ∑
n=1
τ
∥∥cnh − cn−1h ∥∥2L2(Ω)
) 1
2
(T/τ∑
n=1
‖div(u)‖2L2(Ω)
) 1
2
6 τC
(
1 + ‖v‖L∞(Ω) + ‖v‖
2
L∞(Ω)
) 1
2
(T/τ∑
n=1
‖div(u)‖2L2(Ω)
) 1
2
6 Cτ
1
2 → 0 when τ → 0,
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because u ∈ L2(0, T ;H(div; Ω)).
According to (4.7) and (5.2), we get
|I4| 6
(T/τ∑
n=1
τ ‖cnh‖
2
L2(Ω)
) 1
2
(T/τ∑
n=1
‖div(u− uh)‖
2
L2(Ω)
) 1
2
6 Ch ‖u‖H2(Ω) 6 Ch→ 0 when h→ 0.
As ‖vh‖(L∞(Ω))N 6 C, thanks to (4.26) we get
|I5| 6 C
(T/τ∑
n=1
τ
∥∥cnh − cn−1h ∥∥2L2(Ω)
) 1
2
‖u‖L2(0,T ;L2(Ω))
6 τC
(
1 + ‖v‖L∞(Ω) + ‖v‖
2
L∞(Ω)
) 1
2
‖u‖L2(0,T ;L2(Ω)) 6 Cτ → 0 when τ → 0.
Similarly,
|I6| 6 C
(T/τ∑
n=1
τ ‖cnh‖
2
L2(Ω)
) 1
2
(T/τ∑
n=1
‖u− uh‖
2
L2(Ω)
) 1
2
6 Ch ‖u‖2H1(Ω) 6 Ch→ 0 when h→ 0.
Theorem 4. The sequence (Cτh , VC
τ
h) converges to the solution (c, vc) de (5.1).
Proof. By using the result of the previous lemma and the uniqueness of the solution, we get (c#, v#c ) = (c, vc)
and the sequence (Cτh , V
τ
C h) converges to this limit.
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